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Abstract

In this paper a fully explicit, stabilized projection method called the Runge–Kutta–Chebyshev (RKC) projection
method is presented for the solution of incompressible Navier–Stokes systems. This method preserves the extended stabil-
ity property of the RKC method for solving ODEs, and it requires only one projection per step. An additional projection
on the time derivative of the velocity is performed whenever a second-order approximation for the pressure is desired. We
demonstrate both by numerical experiments and by order analysis that the method is second order accurate in time for
both the velocity and the pressure. Being explicit, the RKC projection method is easy to implement and to parallelize.
Hence it is an attractive candidate for the solution of large-scale, moderately stiff, diffusion-like problems.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Projection methods [10,9,8,4,5,15,16,11] have been widely used in the solution of incompressible Navier–
Stokes equations, written in the nondimensionalized form:
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r � u ¼ 0 ð1bÞ
with boundary conditions
ujC ¼ ub; ð2Þ

where u is the velocity, P is the pressure and Re is the Reynolds number.
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To solve this problem, projection methods use a fractional step approach, in which an intermediate velocity
is obtained by solving the momentum (1a) without regard to the incompressibility constraint (1b), and then a
projection of the intermediate velocity onto the divergence-free space is performed to obtain the corrected
velocity that satisfies the incompressibility constraint. The pressure is computed in the projection step. In solv-
ing the incompressible Navier–Stokes equations with projection methods, much of the difficulty lies in the
pressure update. The pressure does not evolve according to a differential equation. Rather, its value is deter-
mined by enforcing the incompressibility constraint. It has been observed that while the velocity can be reli-
ably computed to second order accuracy in time, the pressure is typically only first order accurate in time [9].

If the incompressible Navier–Stokes equations are semi-discretized in space, they become a differential-alge-
braic equation (DAE) system. The mathematical structure of this DAE system is referred to as Hessenberg
index 2 [3]. In the DAE context, u is the differential variable and P is the algebraic variable. The pressure
P is further determined to be index 2, where the number of differentiations needed to determine the time deriv-
ative of P as a function of u, P and t, is called the index of the DAE. The numerical solution of index 2 DAE
systems can be challenging [7].

Often the momentum equation (1a) is solved implicitly in projection methods, due to the stiffness intro-
duced by the viscous term. However we are motivated to develop an explicit projection method by solving
the momentum equation explicitly with the use of a special-purpose explicit Runge–Kutta method, the
Runge–Kutta–Chebyshev (RKC) method [19,18,20], due to its enhanced stability properties. The RKC
method was first proposed by Van der Houwen and Sommeijer [19]. It was designed for the solution of mod-
erately stiff ordinary differential equation (ODE) systems. This method exploits some remarkable properties of
a family of explicit Runge–Kutta formulas of the Chebyshev type. This Runge–Kutta method uses the first
two stages to achieve second order accuracy. The remainder of the stages are used to enlarge the stability
region. It has the property of being stable while retaining a good accuracy using a minimum number of stages.
The RKC method has been used in the solution of parabolic partial differential equations discretized by the
method of lines [18,20].

The explicit projection method we propose in this paper is called the Runge–Kutta–Chebyshev projection
(RKCP) method. In the RKCP method, the momentum equation is solved explicitly by the RKC method. One
projection per step, regardless of the number of stages used in the RKC method, is performed at the last stage
of the RKC method. An additional projection on the time derivative of the velocity, i.e., the acceleration, is
performed to recover the second-order temporal accuracy of the pressure, when it is desired. Because the RKC
method was designed for the solution of moderately stiff ODE systems [19,18,20], the RKCP method is par-
ticularly well-suited for viscous dominated flows (for example microfluidics [25]).

This paper is organized as follows. A brief review of projection methods and of the RKC method is given in
Section 2. In Section 3 the RKCP method is presented, followed in Section 4 by an analysis of the method’s
stability and order of accuracy for the time discretization, and a discussion of issues related to the additional
projection. Numerical examples are presented in Section 5 which verify the order of convergence and the
enhanced stability properties. Conclusions are given in Section 6.

2. Background

2.1. Projection methods

First proposed by Chorin [10], projection methods have attracted much research interest [4,5,15,16,11]. A
general projection procedure is given in [8], based on the following second-order, time-discrete semi-implicit
form of Eq. (1)
unþ1 � un

Dt
þrP nþ1

2 ¼ �½ðu � rÞu�nþ
1
2 þ 1

2Re
r2ðunþ1 þ unÞ; ð3aÞ

r � unþ1 ¼ 0 ð3bÞ
with boundary conditions
unþ1jC ¼ unþ1
b : ð4Þ
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The term ½ðu � rÞu�nþ
1
2 in Eq. (3) is a second-order approximation to the convective derivative term at time level

tnþ1
2 which is usually computed explicitly.
The numerical scheme consists of the following three steps.

Step 1: Solve for the intermediate velocity u*
u� � un

Dt
þrq ¼ �½ðu � rÞu�nþ

1
2 þ 1

2Re
r2ðu� þ unÞ; ð5Þ

Bðu�Þ ¼ 0; ð6Þ
where q is an approximation to P nþ1
2 and B(u*) is the boundary condition for u*.

Step 2: Perform the projection
unþ1 ¼ u� � Dtr/nþ1; ð7Þ
r � unþ1 ¼ 0: ð8Þ
Step 3: Update the pressure
P nþ1
2 ¼ qþ Lð/nþ1Þ: ð9Þ
The difference between the methods lies in the choice of the pressure approximation q, the boundary con-
dition B(u*), and the pressure-updating function L(/n+1). A formula is given in [24,8] which yields a second
order (in time) pressure update:
P nþ1
2 ¼ qþ /nþ1 � Dt

2Re
r2/nþ1: ð10Þ
This formula can be obtained by replacing u* in Eq. (5) with Eq. (7) and subtracting Eq. (3a).
Many of the existing projection methods can be cast in the above framework, including Bell et al. [4,5], Kim

and Moin [15], Van Kan [16], Botella [6], E and Liu [11], etc.
The projection method proposed by Bell et al. [4,5] can be recovered with the choices q ¼ P n�1

2 and
Bðu�Þ ¼ ðu� � unþ1

b ÞjC ¼ 0. The advection term is computed using a Godunov type method. The projection step
is performed by solving an elliptic problem for /n+1 with the boundary condition n Æ $/n+1 = 0. The pressure
update, rP nþ1

2 ¼ rP n�1
2 þr/nþ1, is only first-order.

Kim and Moin [15] choose q = 0 in Eq. (5), so that the pressure does not appear. This method is referred to
as the pressure-free method. The boundary condition for u* is chosen as u*jC = (un+1 + Dt$/n)jC. A second
order accurate velocity can be obtained with this method. The pressure can be computed with the formula
P nþ1

2 ¼ /nþ1 � Dt
2Rer

2/nþ1, which is second order accurate in time.
Van Kan [16] chooses q = Pn and solves the implicit momentum equation with the ADI method. The pres-

sure is updated as $Pn+1 = $Pn + 2$/n+1. This method is second order accurate for the velocity.
E and Liu [11] proposed the gauge method. By using an extrapolation in time, all variables can be com-

puted to second order accuracy.
Recently Liu et al. [17] proposed a continuous projection method. Based on a local truncation error (LTE)

analysis, they obtain a sufficient condition for the continuous projection methods to be temporally second
order accurate. Second order convergence for both the velocity and the pressure is achieved.

Brown et al. [8] surveyed some of the projection methods and speculated on the effects of boundary con-
ditions and different pressure-update formulas to the order of accuracy. Because performing the projection
exactly on a cell-centered grid can cause numerical difficulties, approximate projection methods [2,1] are often
used instead. In these methods, the incompressibility constraint is only approximately satisfied. However,
approximate projection is highly sensitive to the grid structure and the method used and may be susceptible
to instabilities [14].

All of the above methods solve the momentum equation (1a) implicitly, making the overall method implicit.
An explicit projection method has been proposed by Fernandez-Feria and Sanmiguel-Rojas [12], but their
method can only work for pressure-driven flow problems where Dirichlet boundary conditions are specified
for the pressure on part of the boundary.
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2.2. Runge–Kutta–Chebyshev method

The RKC method is an explicit Runge–Kutta method for solving moderately stiff ODE systems
y 0(t) = f(t,y). The first two stages of this Runge–Kutta method are used to obtain second order consistency.
The remaining stages are used to extend the region of absolute stability along the negative direction of the real
axis of the complex plane. In the context of fluid flow problems, the RKC method is particularly well-suited to
viscous dominated flows, where the eigenvalues of the discretized Laplacian operator extend along the nega-
tive real axis.

The typical stability region of the RKC method is a long strip along the negative real axis. The length of the
segment, b, is a quadratic function of s, the number of stages [20], b(s) = c(s)s2, where c(s) is a nearly constant

function of s. Therefore, the RKC method is stable when the stability condition, Dtq of
oy

� �
6 bðsÞ for a given

step size Dt and number of stages s, is satisfied [20,21], where of
oy is the Jacobian matrix of the ODE system and

q(A) is the spectral radius of matrix A.
The RKC method consists of the following steps:
Y0 ¼ un;

Y1 ¼ Y0 þ ~l1DtF0;

Yj ¼ ð1� lj � mjÞY0 þ ljYj�1 þ mjYj�2 þ ~ljDtFj�1 þ ~cjDtF0; j ¼ 2; . . . ; s;

unþ1 ¼ Ys;

ð11Þ
where un and un+1 are the numerical solutions at tn and tn+1 respectively, Fi = f(ti,Yi), Dt is the time step, s is
the number of stages and the coefficients lj; ~lj; mj;~cj are determined for accuracy and stability of the method.
Using the recursive property of Chebyshev polynomials, all of these coefficients can be given as analytical
expressions for any number of stages. For more details, the reader is referred to [19,20,18].

The RKC method is especially efficient for diffusion-like problems (e.g., viscous dominated flow problems)
which are moderately stiff. It cannot handle extremely stiff problems. Recently, an implicit–explicit (IMEX)
extension of the explicit RKC method has been proposed by Verwer, Sommeijer and Hundsdorfer [22,23].
This IMEX scheme is designed for diffusion-reaction problems, where the diffusion terms are treated explicitly
and the highly stiff reaction terms implicitly.

3. RKC projection method

We are motivated by the above two methods to develop an explicit RKC projection method for solving the
semi-discretized incompressible Navier–Stokes equations. It is an index 2 DAE system. The velocities are dif-
ferential variables and the pressure is an index 2 algebraic variable in such a DAE system.

We write the spatially discretized incompressible Navier–Stokes equations as
du

dt
¼ �rhP � ðu � rhÞuþ

1

Re
r2

hu; ð12aÞ

0 ¼ rh � u ð12bÞ

with boundary conditions
ujC ¼ ub
and initial conditions
uðx; t ¼ 0Þ ¼ u0:
$h, $hÆ andr2
h in the above equations denote the discretized gradient operator, the discretized divergence oper-

ator and the discretized Laplacian operator respectively. The standard central differencing is used for the pres-
sure gradient and the viscous term and central differencing of the conservative form is used for the convection
term.

The following is the numerical scheme for the RKCP method. It returns the solution at tn+1, un+1 and Pn+1,
given the solution at tn, un and Pn. In the scheme, s is the number of stages and lj; ~lj; mj;~cj are the coefficients
of the RKC method:
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Y0 ¼ un;

F0 ¼ �ðY0 � rhÞY0 þ
1

Re
r2

hY0 �rhP n;

Y1 ¼ Y0 þ ~l1DtF0;

Fj�1 ¼ �ðYj�1 � rhÞYj�1 þ
1

Re
r2

hYj�1 �rhP n;

Yj ¼ ð1� lj � mjÞY0 þ ljYj�1 þ mjYj�2 þ ~ljDtFj�1 þ ~cjDtF0 ðj ¼ 2; 3; . . . ; sÞ:

Solve r2
h/1 ¼ rh � Ys with

o/1

on

����
C

¼ 0 for /1:

Update unþ1 ¼ Ys �rh/1 with boundary conditions unþ1jC ¼ unþ1
b :

Update P nþ1 ¼ P n þ
2/1

Dt
:

ð13Þ
If a second-order approximation of the pressure is desired at time tm, an additional projection on the accel-
eration F ¼ du

dt is performed:
Fm ¼ �ðum � rhÞum þ
1

Re
r2

hum �rhP m:

Solve r2
h/2 ¼ rh � Fm with

o/2

on

����
C

¼ 0 for /2:

Output bP m ¼ P m þ /2:

ð14Þ
The additional projection is motivated by the fact that the acceleration is also divergence-free. It is a hidden
constraint for the acceleration, which is the time derivative of the incompressibility constraint for the velocity.
It is important to note that this additional projection, which brings the pressure to the same local order of
accuracy as the velocity, is a post-processing step for output only. Using it to update the pressure in the next
step can ruin the extended stability properties of the RKCP method.

4. Analysis of the RKCP method

4.1. Temporal order analysis

In this section we will show that the RKCP method is second order accurate in time for both the velocity
and the pressure. We consider one time step of the RKCP method from tn to tn+1. The target is to solve the
Eqs. (12) from tn to tn+1. Let Dt = tn+1 � tn. Suppose we have the exact solutions as the initial conditions at
time step tn, i.e., un = u(tn), Pn = P(tn), where u(tn) and P(tn) are the exact solutions to the spatially discretized
system (12). We have these constraints satisfied:
rh � un ¼ 0; ð15Þ
rh � Fn ¼ 0; ð16Þ
where Fn ¼ du
dt

��
tn
¼ �ðun � rhÞun þ 1

Rer
2
hun �rhP n.

In the first step of the RKCP method, the RKC method is used to solve the momentum equation (17) with-
out regard to the incompressibility constraint to obtain an intermediate velocity u�nþ1.
du�

dt
¼ �ðu� � rhÞu� þ

1

Re
r2

hu� � rhq ð17Þ
with boundary conditions
u�jC ¼ ub
and initial conditions
u�jtn ¼ un;



Z. Zheng, L. Petzold / Journal of Computational Physics 219 (2006) 976–991 981
where q is an approximation of the pressure and is a constant in Eq. (17). We choose q = Pn. Suppose u�nþ1 is
the numerical solution of Eq. (17) at tn+1 obtained by the RKC method, and u*(tn+1) is the exact solution of
Eq. (17) at tn+1. Because the RKC method is second order accurate [20], we have
u�nþ1 � u�ðtnþ1Þ ¼ OðDt3Þ: ð18Þ
Following the methodology in [13], we obtain
u�ðtnþ1Þ � uðtnþ1Þ ¼
Dt2

2
rh

dP
dt

����
tn

þOðDt3Þ: ð19Þ
Since u(t) is the exact solution of Eq. (12), we have
rh � u�nþ1 ¼
Dt2

2
r2

h

dP
dt

����
tn

þOðDt3Þ: ð20Þ
The projection on u�nþ1 is given by:
unþ1 ¼ u�nþ1 �rh/1; ð21Þ
r2

h/1 ¼ rh � u�nþ1 ð22Þ
with boundary conditions
o/1

on

����
C

¼ 0:
The combination of Eqs. (20) and (22) yields
r2
h/1 ¼

Dt2

2
r2

h

dP
dt

����
tn

þOðDt3Þ; ð23Þ
from which follows that
/1 ¼
Dt2

2

dP
dt

����
tn

þOðDt3Þ: ð24Þ
Finally, it follows from Eqs. (19), (21) and (24) that
unþ1 � uðtnþ1Þ ¼ OðDt3Þ: ð25Þ

Thus, the RKCP method is locally second order accurate in time for the velocity.

The pressure,
P nþ1 ¼ P n þ
2/1

Dt
¼ P n þ Dt

dP
dt

����
tn

þOðDt2Þ ð26Þ
is locally first order accurate in time to P(tn+1).
The above analysis actually applies to any second order method to solve the ODE (17) plus the projection.
To obtain a second order accurate approximation of the pressure, an additional projection is required. This

projection is done only when a second-order approximation to the pressure is needed for output purposes. It is
not necessary for maintaining second order in the velocity. The additional projection at tm is given by:
Fm ¼ �ðum � rhÞum þ
1

Re
r2

hum �rhP m; ð27Þ

r2
h/2 ¼ rh � Fm ð28Þ
with boundary conditions
o/2

on

����
C

¼ 0:
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Suppose um � u(tm) = O(Dtk). Then Eq. (27) can be written as
Fm ¼ �ðuðtmÞ � rhÞuðtmÞ þ
1

Re
r2

huðtmÞ þOðDtkÞ � rhP ðtmÞ þ rhP ðtmÞ � rhP m

¼ du

dt

����
tm

þrhP ðtmÞ � rhP m þOðDtkÞ: ð29Þ
Its divergence is given by
rh � Fm ¼ r2
hPðtmÞ � r2

hP m þOðDtkÞ: ð30Þ

Inserting the above result into Eq. (28) gives
r2
h/2 ¼ r2

hP ðtmÞ � r2
hP m þOðDtkÞ: ð31Þ
It follows that
/2 ¼ P ðtmÞ � P m þOðDtkÞ: ð32Þ

After the additional projection, the acceleration is updated by Fm = Fm � $h/2 and the pressure is updated by
P m ¼ P m þ /2 ¼ P ðtmÞ þOðDtkÞ: ð33Þ

Now the pressure has the same local order of accuracy as the velocity.

4.2. Error propagation

In this section we look at how the error grows globally. For ease of notation, we replace the divergence and
gradient operators, $hÆ and $h, with the matrices D and G here. Because of the zero Neumann boundary con-
ditions used for /1 and /2, the Laplacian matrix L = DG is singular. We modify the last row of the matrix L so
that it is nonsingular. This matrix is denoted by Lm. It is argued in Section 4.3 that replacing L with Lm does
not change the solution of G/.

Neglecting the convection term, we can write the DAE (12) in the matrix form:
du

dt
¼ Au� GP ; ð34aÞ

0 ¼ Du ð34bÞ
with boundary conditions
ujC ¼ ub
and initial conditions
uðx; t ¼ 0Þ ¼ u0:
The RKCP scheme (13) is written as follows in the matrix form:
Y0 ¼ un;

F0 ¼ AY0 � GP n;

Y1 ¼ Y0 þ ~l1DtF0;

Fj�1 ¼ AYj�1 � GP n;

Yj ¼ ð1� lj � mjÞY0 þ ljYj�1 þ mjYj�2 þ ~ljDtFj�1 þ ~cjDtF0 ðj ¼ 2; 3; . . . ; sÞ:

Solve Lm/1 ¼ DYs with
o/1

on

����
C

¼ 0 for /1:

Update unþ1 ¼ Ys � G/1 with boundary conditions unþ1jC ¼ unþ1
b :

Update P nþ1 ¼ P n þ
2/1

Dt
:

ð35Þ
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The projection on u�nþ1, Eqs. (21) and (22), is written in the matrix form as
unþ1 ¼ u�nþ1 � G/1 ¼ ðI � GL�1
m DÞu�nþ1 ¼ ðI � QÞu�nþ1; ð36Þ
where I is the identity matrix and Q ¼ GL�1
m D. As argued in Section 4.3, I � Q is a discrete projection onto the

divergence-free space, satisfying (I � Q)G = 0 and D(I � Q) = 0.
We note that one step of the RKC method applied for y 0(t) = ky can be written in the form
ynþ1 ¼ P sðzÞyn; ð37Þ

where z = Dtk and Ps is a polynomial of degree s, s being the number of stages. Ps(z) can be written as
P sðzÞ ¼ 1þ zþ z2

2
þ
Xs

k¼3

Ckzk; ð38Þ
where Ck are the coefficients of the polynomial. The first three terms of Eq. (38) are used for retaining a second
order accuracy and the other terms of Eq. (38) are used for stabilization of the method.

Applying the RKC method to the equation
du

dt
¼ Au� GP n ð39Þ
for one step yields
u�nþ1 ¼ P sðDtAÞun þ ½I � P sðDtAÞ�A�1GP n: ð40Þ
Inserting this expression into Eq. (36) gives
unþ1 ¼ ðI � QÞP sðDtAÞun þ ðI � QÞ½I � P sðDtAÞ�A�1GP n: ð41Þ

Since
P sðDtAÞ ¼ I þ DtAþ Dt2

2
A2 þ

Xs

k¼3

CkDtkAk ð42Þ
and
½I � P sðDtAÞ�A�1 ¼ �Dt � Dt2

2
A�

Xs

k¼3

CkDtkAk�1; ð43Þ
we have
unþ1 ¼ ðI � QÞP sðDtAÞun � Dt½ðI � QÞ þOðDtÞ�GP n: ð44Þ

Using the fact that un satisfies the incompressibility constraint, from which it follows that Dun = 0 and
Qun = 0, and the relationship (I � Q)G = 0, we have
unþ1 ¼ ðI þOðDtÞÞun þOðDt2ÞGP n: ð45Þ

For the pressure, we note that
P nþ1 ¼ P n þ
2/1

Dt
ð46Þ
and
/1 ¼ L�1
m Du�nþ1 ¼ L�1

m D½P sðDtAÞun þ ½I � P sðDtAÞ�A�1GP n�: ð47Þ
Thus Pn+1 is given by
P nþ1 ¼ P n þ
2/1

Dt
¼ P n þ

2

Dt
L�1

m D½P sðDtAÞun þ ½I � P sðDtAÞ�A�1GP n�: ð48Þ
Using the relationships above, we obtain
P nþ1 ¼ ½2L�1
m DAþOðDtÞ�un þ P n þ ½�2L�1

m DþOðDtÞ�GP n: ð49Þ
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Multiplying by G, we obtain the recurrence relation for GPn+1
GP nþ1 ¼ ½2QAþOðDtÞ�un þ ½I � 2QþOðDtÞ�GP n; ð50Þ

and, since (I � Q)G = 0 and QG = G,
GP nþ1 ¼ ½2QAþOðDtÞ�un þ ½�I þOðDtÞ�GP n: ð51Þ

Collecting the results from Eqs. (45) and (51), we can write
unþ1

GP nþ1

� �
¼ I þOðDtÞ OðDt2Þ

2QAþOðDtÞ �I þOðDtÞ

� �
un

GP n

� �
: ð52Þ
Clearly, the eigenvalues of this error propagation matrix are all of magnitude 1 + O(Dt). On the interface of
the block matrices, a Jordan-like matrix of the form
1þOðDtÞ OðDt2Þ
Oð1Þ �1þOðDtÞ

� �
applies. We note that the eigenvalues above and below the interface are different. Thus all eigenvalues are sim-
ple. Hence by the standard theory for numerical ODEs (e.g. [3]), the method is 0-stable in the velocities un and
in the pressure gradient GPn. Global second order accuracy in un follows from the results of the previous
subsection.

4.3. Discussion

Here we comment on the boundary conditions, the implementation of the projection, and the additional
projection. With a staggered grid, boundary conditions are not required for the pressure, but we do need
boundary conditions for the intermediate velocity u*. It is natural and easy to use the same boundary condi-
tions for u. Thus we obtain the boundary conditions for /1: o/1

on

��
C
¼ 0, and similarly for /2. These may not be

the optimal boundary conditions, but they cause pollution only within a numerical boundary layer of the
domain [13].

The projection amounts to solving the Poisson equation with zero Neumann boundary conditions,
r2/ ¼ f ;

o/
on

����
C

¼ 0:
ð53Þ
In practice we use the fast Fourier transform (FFT) technique to solve this equation efficiently. The solution of
Eq. (53) is not unique (this corresponds to the singularity of the Laplacian matrix L = DG). One solution plus
any constant still satisfies the equation. Thus an additional constraint is required to make the solution unique.
We let
X

/i;j ¼ 0: ð54Þ

This condition eliminates the singularity of the Laplacian matrix L = DG. The last row of the Poisson equa-
tion is replaced by Eq. (54). The resulting Laplacian matrix is Lm, which is invertible. It can be argued that
Eqs. (55) and (56) have the same solution for G/, i.e., G/a = G/b:
L/a ¼ Du; ð55Þ
Lm/b ¼ Du: ð56Þ
The solvability condition for Eq. (55) is that the right hand side, Du, is orthogonal to the null space of LT. This
is automatically satisfied since the null space of LT is the constant field d and DTd = 0, implying that the inner
product (d,Du) is 0. Therefore the solution of Eq. (55) exists but is not unique. The solution /a plus a constant
still satisfies the equation. By solving Eq. (56) instead of Eq. (55), a unique solution, /b, is obtained. /a and /b

can differ by a constant, but G/a = G/b since the gradient of a constant is 0. Thus the operator
I � Q ¼ I � GL�1

m D is a discrete projection onto the divergence-free fields, with the properties (I � Q)G = 0
and D(I � Q) = 0.
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In the RKCP method, the projection for the intermediate velocity is the fulfillment of the incompressibility
constraint Eq. (15). The additional projection for the acceleration is the fulfillment of the hidden constraint
Eq. (16), which is the time derivative of Eq. (15). The additional projection brings the pressure to the same
order of temporal accuracy as the velocity. Without the additional projection, the second order temporal accu-
racy for the pressure may not be achieved. However, the velocity is second order accurate with or without the
additional projection.

The additional projection has a close relationship to the expression (10). The hidden constraint (16) has
been used in deriving the pressure update formula (10). The difference of Eqs. (3a) and (5) with the use of
Eq. (7) gives
rP nþ1
2 ¼ rqþr/nþ1 � Dt

2Re
r2r/nþ1: ð57Þ
Since the discretized gradient operator is not invertible, we take the divergence of Eq. (57),
r2P nþ1
2 ¼ r2qþr2/nþ1 � Dt

2Re
r2r2/nþ1; ð58Þ
which is the difference of the divergence of the discretized momentum equations (3a) and (5). In doing that, the
hidden constraint, i.e., that the divergence of the acceleration is zero, has been used. Eq. (58) can be solved to
obtain the pressure update formula (10) by inverting the discretized Laplacian operator. Therefore, the last
term of (10) comes from the divergence of the momentum equation, which implies the fulfillment of the hidden
constraint. It is equivalent to the additional projection in the RKCP method.

We note that in general the pressure should be updated to second order only for output purposes. The sec-
ond order pressure obtained by the additional projection should not be used to update the velocities, because
this can destroy the absolute stability properties of the method for the viscous term. In the framework of pro-
jection methods, the pressure appears as an explicit variable. The extra term which brings the pressure to a
higher order usually imposes an additional stability constraint beyond the stability constraints of the numer-
ical ODE algorithm. A full analysis of the stability issue will be forthcoming in a future paper.

The additional projection is also used in the consistent initialization of the pressure. Assuming that we
begin with a consistent (divergence-free) initial velocity and an initial guess for the pressure (e.g., 0), the con-
sistent initial condition for the pressure is obtained by the additional projection (14).

Although we have presented the additional projection in the context of the explicit RKC method for solving
the momentum equation, it actually works with any (explicit or implicit) ODE solver for solving the momen-
tum equation. The analysis in Section 4.1 applies to any second order method to solve the momentum equa-
tion plus the projection. With the additional projection idea, higher order methods can be easily constructed.
As long as the higher order velocity is computed, the additional projection will bring the pressure to the same
order as the velocity.

5. Numerical experiments

Following the analysis of [17], the numerical solution obtained by a method which is rth order accurate in
time and sth order accurate in space can be expressed as
gn
i;j ¼ gðxi; yj; t

nÞ þ an
i;jðDtÞr þ bn

i;jðDxÞs þ �; ð59Þ
where gn
i;j is the numerical solution at (xi,yj, tn), g(xi,yj, tn) is the exact solution, an

i;jðDtÞr represents the error
associated with the temporal discretization, bn

i;jðDxÞs represents the error associated with the spatial discreti-
zation and � is the round-off error. To check the temporal convergence, we first compute a reference solution
which is obtained using a very small time step (Dt� 1) so that the term an

i;jðDtÞr can be ignored. The tempo-
rally accurate reference solution is approximately
~gn
i;j ¼ gðxi; yj; t

nÞ þ bn
i;jðDxÞs þ �: ð60Þ
Then kgn � ~gnk � ðDtÞr. A plot of logðkgn � ~gnkÞ vs. log(Dt) gives the information of the order r. Similarly, for
the spatial convergence, we compute the reference solution using a very small Dx. The spatially accurate ref-
erence solution is approximately
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ĝn
i;j ¼ gðxi; yj; t

nÞ þ an
i;jðDtÞr þ �: ð61Þ
Thus we have kgn � ĝnk � ðDxÞs. A plot of logðkgn � ĝnkÞ vs. log(Dx) yields the order of spatial convergence.

5.1. Test 1: Forced flow

This test problem is a forced flow problem in two dimensions taken from [11]. It has the following exact
solution of the Navier–Stokes equation:
uðx; y; tÞ ¼ � cosðtÞ sin2ðpxÞ sinð2pyÞ;
vðx; y; tÞ ¼ cosðtÞ sinð2pxÞ sin2ðpyÞ;

Pðx; y; tÞ ¼ � sinðtÞ
4
ð2þ cosðpxÞÞð2þ cosðpyÞÞ þ p2

2
cosðtÞðcosðpxÞ þ cosðpyÞ þ cosðpxÞ cosðpybÞÞ

ð62Þ
with appropriate forcing terms added to the incompressible Navier–Stokes equations (1) to ensure that (62) is
the exact solution.

We solved this problem in the domain [0, 1] · [0, 1]. Dirichlet boundary conditions were applied for both u

and v.
First we checked the spatial convergence in Fig. 1. The plot was obtained by comparing the numerical solu-

tion with the reference solution at t = 1, with Reynolds number Re = 100 and time step Dt = 1.0 · 10�4. The
reference solution, u0 and P0, was obtained with Dx ¼ Dy ¼ 1

512
(512 · 512 grid). Second order spatial conver-

gence was observed in Fig. 1.
The temporal convergence is examined in Fig. 2. At t = 1 with Reynolds number Re = 100 and

Dx ¼ Dy ¼ 1
128

, the numerical solutions for a range of time steps were compared with the reference solution,
which was obtained with Dt = 1.0 · 10�5. An additional projection was performed for the pressure when out-
putting it at t = 1. It can be seen from the figure that both the velocity and the pressure are second order con-
vergent. Without the additional projection, order reduction is observed on the pressure as shown in Fig. 3.

Next we constructed a test to see how the method behaves with different Reynolds numbers. At 128 · 128
grids, fixing the time step to Dt = 0.01, we computed the difference between the numerical solution and the
exact solution, and counted the number of stages used in the RKCP method (the number of stages is deter-
mined adaptively in the code by the algorithm described in [18]). These are plotted in Figs. 4 and 5. The error
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Fig. 1. Spatial convergence in the forced flow problem with Re = 100 and Dt = 1.0 · 10�4.
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Fig. 2. Temporal convergence in the forced flow problem at 128 · 128 grids and Re = 100.
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Fig. 3. Temporal convergence in the forced flow problem at 128 · 128 grids and Re = 100, without the last additional projection.
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plotted in Fig. 5 is the 2-norm of the difference between the exact solution and the numerical solution. We can
see that for moderately stiff problems (moderate Reynolds number) the RKCP method uses a small number of
stages and the error is controlled well, indicating that the method is practically efficient.

When checking the absolute stability properties of the RKCP method with respect to how they compare
with those of RKC, we neglected the convection term and solved the Stokes equations. We did this because
in practice, most of the stiffness will come from the viscous term, and because the analysis of stability region
for RKC in [19,18,20] was done only for diffusion problems. In this test, we found the maximal stable time
step-size by numerical experiment for each number of stages. The results are plotted in Fig. 6. In Fig. 6,
the RKCP method with m projections per step is the RKCP method with projection at each stage of the
RKC method, which has the same stability region as the RKC method (this is straightforward to show using
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methodology from DAE theory). By comparing the stability of these two methods, we can see how the sta-
bility properties of the RKC method are preserved in the RKCP method. Fig. 6 shows that the enhanced sta-
bility properties of the RKC method are indeed preserved in the RKCP method. And as we know already for
RKC, the maximal stable step-size for RKCP increases quadratically with the number of stages.

5.2. Test 2: Driven cavity

In this test we implemented the RKCP method on the driven cavity problem. The computational domain is
[0,1] · [0,1]. Zero Dirichlet boundary conditions were applied for the velocities, except that on the top bound-
ary y = 1, the x-direction velocity u was set to 1. The initial condition was set to 0, meaning that the fluid is
initially still. Although the solution eventually reaches a steady state, we wanted to test the time accuracy on
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the unsteady part. Thus we used the solution at t = 1 to test the order of accuracy in time. The test is done for
Re = 100 at 128 · 128 grids. Second order convergence was observed as shown in Fig. 7, where the reference
solution, u0 and P0, was obtained with Dt = 1.0 · 10�5.

5.3. Additional test: absolute stability

Fig. 6 shows the stability of the RKCP method applied to the Stokes equation, where the convection term is
neglected. We are interested in solving viscous dominated Navier–Stokes equations. Thus we used the RKCP
method to solve the Navier–Stokes equations for the forced flow problem with Reynolds number Re = 5 on a
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128 · 128 grid. Similar to Fig. 6, we found the maximal stable time step-size by numerical experiment for each
number of stages. The stability properties of the RKCP method for solving Navier–Stokes equations are
shown in Fig. 8. In Fig. 8, the RKCP method with m projections per step has the same stability region as
the RKC method. When solving the driven cavity problem with the same Reynolds number and the same spa-
tial grid, nearly the same plot as Fig. 8 was obtained. We arrived at the conclusion that the enhanced stability
properties of the RKC method are preserved in the RKCP method for solving viscous dominated Navier–
Stokes equations.

6. Conclusions

In this paper a fully explicit, stabilized projection method called the Runge–Kutta–Chebyshev projection
(RKCP) method for the solution of the incompressible Navier–Stokes equations was presented. Numerical
experiments show that the RKCP method preserves the extended stability property of the RKC method
and it requires only one projection per step, independent of the number of Runge–Kutta stages. An additional
projection is performed whenever a second-order approximation for the pressure is desired. We showed that
the RKCP method is second order accurate in time for both the velocity and the pressure. An order analysis
and a convergence analysis were presented. Being explicit, the RKC projection method is easy to implement
and to parallelize, hence it is a promising candidate for the solution of large-scale problems, especially mod-
erately stiff, diffusion-like problems.
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