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This paper develops and uses a computation model to explore the transient ignition dynamics of catalytic
combustion in a stagnation-flow configuration. The analysis considers the elementary heterogeneous chem-
istry associated with catalytic behavior at the surface. It also considers gas-dynamic effects in the boundary
layer, including temporal and spatial pressure variations. The gas-dynamic effects are included through the
axial momentum equation, which has been neglected in previous analyses of unsteady stagnation flows. In
addition to the physical interpretation of ignition transients, the paper presents a mathematical and com-
putational analysis and comparison of the constant-pressure and compressible stagnation-flow equations.
The constant-pressure equations, as commonly formulated and used, are a system of differential-algebraic
equations (DAE) that have an index greater than two. This high-index behavior is responsible for severe
numerical difficulties in regions of fast transients or stringent numerical error control. This paper relaxes
the constant-pressure assumption using a compressible-flow formulation, which extends the range of physi-
cal validity and reduces the index of the transient stagnation-flow problem while preserving stagnation-
flow “similarity.”

Introduction

Catalytic combustion is emerging as a practical
technology [1–4], increasing the need for fundamen-
tal understanding of the heterogeneous chemistry at
the catalyst surface and the fluid-mechanical inter-
actions in the adjacent boundary layers. The stag-
nation flow of a combustible gas over a flat catalytic
surface serves as an ideal research platform on which
to develop new understanding. The configuration is
accessible to a variety of diagnostics and can be sim-
ulated using a one-dimensional similarity formula-
tion. This situation is analogous to the burner-sta-
bilized flames and opposed-flow flames that have
been used successfully to study gas-phase combus-
tion chemistry.

With the exception of Deutschmann [5,6], previ-
ous studies of catalytic combustion in the stagnation-
flow configuration have considered the steady-state
behavior. Vlachos and colleagues [7,8] have devel-
oped models that use continuation methods to de-
scribe the bifurcations associated with ignition and
extinction behavior. All previous investigations have
relied on a constant-pressure formulation.

This paper focuses on the transient behavior of
stagnation flows, especially the very fast transients

driven by the heterogeneous ignition. Fast tran-
sients, which have heretofore been neglected in
models of combustion stagnation flows, are seen to
trigger compressible gas-dynamic behavior. The
constant-pressure equations are systems of differ-
ential-algebraic equations (DAE) that are character-
ized as high-index systems. As such, numerical so-
lution can be unstable during periods of rapid
transient behavior. We introduce a compressible-
flow formulation that improves the physical repre-
sentation and reduces the DAE index, which facili-
tates numerical solution.

There is a growing interest in the transient behav-
ior of unsteady laminar flames [9–14]. The objective
is to understand flame structure in time-varying
strain fields, thus extending laminar-flamelet con-
cepts in turbulent combustion. In the usual con-
stant-pressure formulation, numerical difficulties as-
sociated with high-index DAEs are easily triggered.
The approach developed herein applies directly to
this larger class of problems.

Compressible Stagnation-Flow Equations

Derivation of the compressible stagnation-flow
equations follows a procedure that is analogous to
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deriving the constant-pressure equations [15,16].
Beginning with the full axisymmetric fluid-mechan-
ical conservation equation, we first conjecture that
the solutions are functions of time t and the axial
coordinate x in the following form: axial velocity u
4 u(t, x), scaled radial velocity v/r 4 V(t, x), tem-
perature T 4 T(t, x), and mass fractions Yk 4
Yk(t, x). Boundary conditions are applied at two val-
ues of x and have no radial dependence. After some
manipulation of the momentum equations, it can be
shown that 1/r ]p/]r 4 K(t) is a function of t alone.
The system of compressible equations is stated as:

Mass continuity:

]q ] q ]p q ]T
` (qu) ` 2qV 4 1

]t ]x p ]t T ]ttot

1 ]Y ]k¯1 qW ` (qu) ` 2qV 4 0 (1)o
W ]t ]xk

Axial momentum:

]u ]u ]p ]V
q ` qu ` 1 2l

]t ]x ]x ]x

4 ] ]u 4 ]
1 l ` (lV) 4 0 (2)1 23 ]x ]x 3 ]x

Scaled radial momentum:

]V ]V ] ]V 2q ` qu 1 l ` qV ` K 4 01 2]t ]x ]x ]x

m 1 ]p
V [ , K [ 4 K(t) (3)

r r ]r

Thermal energy:

]T ]T ]p ]p
qc ` qc u 1 1 up p]t ]x ]t ]x

] ]T ]T
1 k ` q c Y Vo pk k k1 2]x ]x ]x

` ẋ h 4 0 (4)o k k

Gas-phase species conservation:

]Y ]Y ]k k
q ` qu ` (qY V )k k]t ]x ]x

1 ẋ W 4 0 (k 4 1, . . . K ) (5)k k g

Equation of state:

¯p Wtot
q 4 , p 4 p ` p (6)tot ref

RT

Variables include: molar production rate by gas-ẋ ,k

phase chemical reaction; q, the mass density; Wk,
molecular mass of species; cp specific heat; l, dy-
namic viscosity; and k, thermal conductivity. The to-
tal thermodynamic pressure ptot is the sum of a ref-
erence pressure pref and a varying pressure p, which
is the dependent variable. The diffusion velocity is

T1 ]X D 1 ]Tj k
V 4 W D 1 (7)k o j k j¯X W ]x qY T ]xk k

where Xk are the mole fractions, Dkj are the ordinary
multicomponent diffusion coefficients, and areTDk
the thermal diffusion coefficients. In the mass-con-
tinuity equation, ]q/]t is expanded through the equa-
tion of state in terms of the dependent variables,
which facilitates the coupling of pressure as a de-
pendent variable.

Constant-Pressure Equations

The constant-pressure equations are a subset of
the compressible equations (equations 1,3–6). The
pressure is not a dependent variable, but rather a
parameter used in the equation of state. Hence, the
pressure derivatives are not retained in the conti-
nuity or thermal-energy equations. The axial-mo-
mentum equation is decoupled from the system, and
most investigators neglect it. The nomenclature
“constant-pressure” is a slight misnomer, since an ax-
ial pressure distribution can be determined and the
radial pressure gradient is retained through K.

Boundary Conditions

The boundary conditions describe the flow be-
tween an inlet plane (x 4 L) and a solid surface (x
4 0), which is chemically reactive. However, the
essential features of the compressible-flow formu-
lation and the numerical methods do not depend on
the particular boundary conditions. At the inlet
plane (x 4 L), u 4 uin(t), v/r 4 Vin 4 0, T 4 Tin(t),
and Yk 4 Yk,in(t). The pressure is fixed at the inlet
plane to be the reference pressure, thus p 4 0.

At the stagnation surface (x 4 0), v/r 4 V 4 0,
and T 4 Ts(t). If the surface is nonreactive, then the
surface-normal velocity vanishes us 4 0 and qYkVk

4 0, that is, there is no net mass flux through the
boundary. When the boundary is reactive, the
boundary conditions are more complex. The chem-
ical state of the surface must be included as depen-
dent variables and a heterogeneous chemical reac-
tion mechanism is needed [17–19,25]. The surface
state, in terms of the site fractions Zk, is described
by

]Z ṡk k
1 4 0 (k 4 1, . . . K ) (8)s]t C

where ṡk is the molar production rate of surface spe-
cies by heterogeneous reaction and C is the molar
density of potentially available surface sites (C 4
2.71(1019) mol/cm2 for platinum). The coupling be-
tween the gas phase and the surface is established
through a mass-flux matching condition for each of
the gas-phase species as qYk(ust ` Vk) 4 ṡkWk.
The Stefan velocity is nonzero when there is net
mass exchange between the gas and the surface;
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Fig. 1. Finite-volume, staggered-
grid, spatial-difference stencil for the
compressible stagnation-flow equa-
tions. Grid points, which are at con-
trol-volume centers, are used to rep-
resent all dependent variables except
axial velocity, which is represented at
the control-volume faces. The grid
indices are shown on the left and the
face indices on the right. The right-
facing protuberance on the stencils
indicates where the time derivative
is evaluated. For the pressure-eigen-
value equation there is no time de-
rivative, indicated by an unfilled pro-
tuberance.

ust 4 (1/q) ( ṡkWk, where the summation includes
the gas-phase species that participate in the surface
reactions. The transient surface temperature is de-
termined from an energy balance as

dTs
q c V 4 qh (Y V ` Y u)s p o k k k k s

dt

dT 4 4 ˙1 k ` 2re(T 1 T ) ` P (9)s `1 2dx s

where qscpV is the thermal capacity of the surface,
hk is the enthalpy of the gas-phase species, e is the
surface emissivity, and Ṗ is (electrical) power sup-
plied to the surface.

Numerical Method

The numerical method is a method-of-lines ap-
proach using control-volume spatial differencing.
The time integration is done using Dassl, which
implements an implicit, variable-order, variable-step
method based on the BDF method [20].

The spatial-difference stencil (Fig. 1) uses a stag-
gered grid in which the axial velocities are repre-
sented on the control-volume faces, and all other
variables are represented at the control-volume cen-
ters (nodes) [21]. The nodes are separated by Dx,
which is variable. The inlet at the top and the solid
surface at the bottom correspond to nodes and the
faces are halfway between nodes. The first axial ve-
locity (face 1) is evaluated just above the surface at

x 4 Dx/2. The inlet velocity, however, is taken at the
top node ( j 4 J).

The species-conservation, thermal-energy, and ra-
dial-momentum equations are spatially second order
and use a conservative central-difference method for
the diffusion terms and smooth upwinding for the
convective terms. The continuity equation is spa-
tially first order and uses a central-difference for-
mulation for ](qu)/]x, with u at the control-volume
faces. The axial-momentum equation is second order
in velocity and first order in the pressure. The sec-
ond order comes from the normal-stress term, which
is negligible except perhaps very close to the surface
or during very rapid transients. Consequently, the
spatial differencing uses a first-order one-sided sten-
cil, with the convective term upwinded while the
pressure gradient is central differenced using the
two nodes that span the face where ]u/]t is evalu-
ated. The normal-stress term is central differenced
but can be thought of as a source or sink term. A
trivial differential equation ]K/]x 4 0 keeps the it-
eration matrix banded.

The boundary conditions for T and V require spec-
ified values at both boundaries. At the inlet bound-
ary, the axial velocity is specified as u 4 uin, which
serves as the boundary condition for the axial-mo-
mentum equation. Also, at the inlet boundary, the
pressure is taken to be the constant reference pres-
sure, ptot 4 pref, or p 4 0. This serves as the bound-
ary condition associated with the pressure-curvature
equation K, which is an implicit boundary condition;
that is, there is no explicit boundary condition for K
itself. At the inlet plane, the continuity equation is
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itself solved and does not require a boundary con-
dition.

At the stagnation surface, the axial velocity serves
as the boundary condition for the continuity equa-
tion. For a nonreactive surface, u 4 0; for a reactive
surface, u 4 ust. At the stagnation surface, the pres-
sure-curvature equation itself is solved, as is the ax-
ial-momentum equation at the face just above the
surface. Therefore, neither require a boundary con-
dition at the surface.

When the surface is reactive, the flux of gas-phase
species to and from the surface is determined from
the heterogeneous surface chemistry. The boundary
condition is implemented as mass fluxes into (or out
of) the half control volume that spans from the stag-
nation surface to half the distance to the first interior
grid point (Fig. 1). A species mass balance leads to
a differential equation for the gas-phase species at
the surface rather than at the algebraic flux-matching
condition qYk(ust ` Vk) 4 ṡkWk. There are signifi-
cant numerical benefits of differential equations for
boundary values that can experience rapid variations.
The energy balance (equation 9) serves as the
boundary condition for the surface temperature.

Because the central differencing on the continuity
equation is only neutrally stable, we introduce an
artificial damping term to assist numerical stability
[22]. Following common practice in solving Euler
equations, we add a first-order damping term to the
continuity equation

2] p
r(Dx) 2]x

using r 4 0.1.

Differential-Algebraic Equations

A brief explanation of DAEs will facilitate a fur-
ther mathematical discussion of the stagnation-flow
equations. In general, DAEs are stated as a vector
residual equation F(t, w, w8) 4 0, where w is the
dependent-variable vector and the prime denotes a
time derivative. For our purposes, it will be conven-
ient to consider a restricted class of DAEs called
semiexplicit nonlinear DAEs, which are represented
as

y8 4 f (t, y, z) (10)
0 4 g(t, y, z)

where the dependent-variable vector is now w 4
(y, z)T, indicating that some of the dependent vari-
ables (y) have time derivatives that can be isolated,
whereas others (z) do not. The second equation can
be thought of as an algebraic constraint on the dif-
ferential equations represented by the first equation.
The index of the DAE system depends on the de-
rivatives of the constraint equation. If the matrix

]g/]z is nonsingular, then the constraints can in prin-
ciple be solved for z in terms of y and t. The resulting
expression could be substituted into the differential
equation 10, yielding a system of ordinary differen-
tial equations. Such a system is index one. If, how-
ever, ]g/]z is singular then the index is two or higher.
By definition, the index of a DAE system F(t, w, w8)
4 0 is equal to the number of times that all or part
of the system must be differentiated with respect to
t to determine w8 as a continuous function of t and
w [20]. There are a number of practical problems in
the numerical solution of high-index DAEs. The er-
ror control in automatic codes like Dassl [20] is
designed only for index-one systems and must be
modified to handle the index-two case. Further-
more, the condition number of the iteration matrix
in implicit numerical methods is O(h1v), where h is
the timestep and v is the index. Therefore, the nu-
merical methods can fail to converge when they
choose the small timesteps required to resolve fast
transients accurately [20].

With the brief discussion of index, it is now pos-
sible to identify and compare some aspects of the
high-index behavior of the constant-pressure and the
compressible stagnation-flow equations. To under-
stand the structure of the DAE system, we first iden-
tify all variables that are not time differentiated, that
is, the z vector. In the constant-pressure formulation,
neither the axial velocity u nor the pressure curva-
ture K have time derivatives. By introducing the axial
momentum equation, the compressible formulation
introduces ]u/]t. To be of value in reducing the in-
dex, however, the momentum equation must be cou-
pled to the other equations. The coupling is accom-
plished through pressure, which is included as a
dependent variable. The variable K is not time dif-
ferentiated in either formulation.

The boundary conditions that simply specify a
value, for example, T 4 Tin, are seen as simple con-
straints that raise the index to one, and simple con-
straints usually cause no trouble. On the other hand,
time-varying boundary conditions, for example, T 4
Tin(t), can be more troublesome, especially if they
are principally responsible for transient behavior in
the solution. In these cases, it is advisable to solve a
differential equation for the boundary value (like
equation 9), rather than specify a time-varying con-
straint.

The continuity equation at the inlet boundary can
be viewed as a constraint equation. Referring to the
difference stencil (Fig. 1), it is seen that this first-
order equation itself is evaluated at the boundary,
and no explicit boundary condition is needed. More-
over, since the inlet temperature, pressure, and com-
position are specified, the density is fixed and thus
]q/]t 4 0. Therefore, at the boundary, the continuity
equation (equation 1) has no time derivative; that is,
it is an algebraic constraint. There is no explicit
boundary condition for K. At the inlet boundary, the
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TABLE I
Surface chemistry reaction mechanism for the catalytic reaction of methane–oxygen on platinum

Reaction
A*

(cm, mol, s) b

E
(kJ/mol)

1. H2 ` 2Pt(s) ⇒ 2H(s) FORD/Pt(s) 1/¥ 4.46E10 0.5 0
2. 2H(s) ⇒ H2 ` 2Pt(s) COV/H(s) 0 0 16000/† 3.70E21 0.0 67.4
3. H ` Pt(s) ⇒ H(s) 1.00‡ 0.0 0
4. O2 ` 2Pt(s) ⇒ 2O(s) 21.0‡ 11.0 0
5. 2O(s) ⇒ O2 ` 2Pt(s) COV/O(s) 0 0 160000/ 3.70E21 0.0 213.2
6. O ` Pt(s) ⇒ O(s) 1.00‡ 0.0 0
7. H2O ` Pt(s) ⇒ H2O(s) 0.75‡ 0.0 0
8. H2O(s) ⇒ H2O ` Pt(s) 1.00E13 0.0 40.3
9. OH ` Pt(s) ⇒ OH(s) 1.00‡ 0.0 0.0

10. OH(s) ⇒ OH ` Pt(s) 1.00E13 0.0 192.8
11. H(s) ` O(s) 4 OH(s) ` Pt(s) 3.70E21 0.0 11.5
12. H(s) ` OH(s) 4 H2O(s) ` Pt(s) 3.70E21 0.0 17.4
13. OH(s) ` OH(s) 4 H2O(s) ` O(s) 3.70E21 0.0 48.2
14. CO ` Pt(s) ⇒ CO(s) FORD/Pt(s) 2/ 1.62E20 0.5 0
15. CO(s) ⇒ CO ` Pt(s) 1.00E13 0.0 125.5
16. CO2(s) ⇒ CO2 ` Pt(s) 1.00E13 0.0 20.5
17. CO(s) ` O(s) ⇒ CO2(s) ` Pt(s) 3.70E21 0.0 105.0
18. CH4 ` 2Pt(s) ⇒ CH3(s) ` H(s) FORD/Pt(s) 2.3/ 4.63E20 0.5 0.0
19. CH3(s) ` Pt(s) ⇒ CH2(s) ` H(s) 3.70E21 0.0 20.0
20. CH2(s) ` Pt(s) ⇒ CH(s) ` H(s) 3.70E21 0.0 20.0
21. CH(s) ` Pt(s) ⇒ C(s) ` H(s) 3.70E21 0.0 20.0
22. C(s) ` O(s) ⇒ CO(s) ` Pt(s) 3.70E21 0.0 628.0
23. CO(s) ` Pt(s) ⇒ C(s) ` O(s) 1.00E18 0.0 184.0

*Rate expressions in the form k 4 ATb exp(1E/RT).
‡Sticking coefficient: c 4 ATb exp(1E/RT), k 4 c/Cm .RT/2pW!
¥The order for forward rate of progress is modified as indicated.
†Rate expression modified by an activated coverage dependence as k 4 ATb exp(1E/RT) 2 {10g[Z][Z]l exp(e[Z]/RT)},

where Z is the site fraction of the named species and g, l, and e are the three coverage parameters. Here e 4 16000.

value of K must be determined in such a way that
all the other boundary conditions are satisfied. Being
an eigenvalue, K’s effect is felt through its influence
on the V velocity in the radial momentum equation,
and subsequently by V’s influence on u through the
continuity equation.

We have shown that the DAE system correspond-
ing to the discrete form of the compressible-stag-
nation-flow equations is of Hessenberg-index-two
structure [20], which is represented by equation 10.
The constraint g does not depend on z, and the ma-
trix ]g/]y ]f/]z is nonsingular. Here, K is the only
index-two variable (i.e., it plays the role of z).

It is possible and beneficial to reduce the system
to index one by replacing K with a new dependent
variable f, where K [ ]f/]t [23]. The initial con-
dition for f is arbitrary because f itself never ap-
pears in the equations—a suitable choice is f 4 0.
Anywhere K appears, we simply replace it with ]f/
]t, which is conveniently done in DAE software. The
index reduction can be seen from the following pro-
cedure. The continuity at the inlet boundary (an al-
gebraic constraint) can be differentiated once with

respect to t to yield an equation for ]V/]t. Then, ]V/
]t is replaced by substitution of the radial-momen-
tum equation. This substitution introduces K [ ]f/
]t, which makes the continuity equation (at the inlet
boundary) an independent differential equation for
f. Thus, the modified system is index one. This set
of substitutions is not actually done in practice—it
simply must be possible to do them to achieve the
index reduction.

Catalytic Ignition

We have chosen to simulate atmospheric-pressure
catalytic ignition on a platinum foil using conditions
investigated by Deutschmann [5]. The surface-re-
action mechanism (Table 1) is taken directly from
Deutschmann [5,24], who validated it experimen-
tally using ignition-temperature data. The inlet flow
conditions used here are uin 4 8 cm/s, Tin 4 300
K, an inlet mixture of 3% CH4, 3% O2, and 94% N2.
The inlet-to-catalyst separation is 5 cm. The catalyst
surface is initially covered by oxygen.
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Fig. 2. Velocity, temperature, and density profiles before
and after catalytic ignition on a platinum foil. Conditions
are 5-cm separation between inlet and surface, atmo-
spheric pressure, 8 cm/s inlet velocity, 300 K inlet tem-
perature, inlet mixture composition 3% CH4, 3% O2, and
94% N2.

Fig. 3. Gas-phase species profiles before and after cat-
alytic ignition on a platinum foil. Conditions are the same
as Fig. 2.

Fig. 4. Transient surface-state composition during cat-
alytic ignition, shown on two timescales. Conditions are the
same as for Fig. 2. The zero point for the abscissa scale is
arbitrary.

The simulations follow Deutschmann’s experi-
mental procedure, which is as follows. The inlet flow
is held steady while the foil is heated electrically,
raising its temperature in small steps. The foil tem-
perature is permitted to stabilize before it is again
raised. When ignition conditions are reached, the
surface temperature increases rapidly by combus-
tion heating. The system then approaches a steady
catalytic-burning condition.

The simulations presented here use a mesh of 60
points that are nonuniformly placed by a power-law

stretching from the surface. The first grid point is
1.44(1013) cm from the stagnation surface and the
last grid interval at the top inlet boundary is 0.12 cm.
In these simulations the gas-phase chemistry has
been entirely suppressed, which is appropriate for
very lean mixtures and low temperatures.

Figure 2 shows the steady gas-phase velocity and
temperature profiles before and after ignition, and
Fig. 3 shows the corresponding species profiles. Be-
cause of the experimental procedure that slowly
raises the surface temperature, a thermal boundary
layer has been established prior to ignition. Due to
the elevated surface temperature, there is some pre-
ignition chemistry that affects the species profiles.
Because the mixture is so dilute, the temperature
rise associated with the ignition is only around
50 8C. Nevertheless, as shown later, there are still
considerable gas-dynamic effects associated with this
relatively weak ignition.

Figure 4 shows the transient response of the sur-
face state throughout the ignition event. Clearly,
there are two important timescales. The longer
timescale (seconds) is illustrated by the temperature
response, which is governed principally by the ther-
mal inertia of the foil itself (equation 9). The shorter
timescale (microseconds) is characterized by the
heterogeneous chemical behavior.

The ignition is triggered by the net desorption of
oxygen from the surface at the ignition temperature
(reactions 4 and 5). Once there are open platinum
sites available, CH4 is adsorbed rapidly, followed by
a sequence of reactions that produce CO, CO2, and
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Fig. 5. Transient response of the Stefan velocity and the
pressure-curvature eigenvalue during the ignition transient
for the conditions of Fig. 2. The zero point for the abscissa
scale is arbitrary.

H2O, which subsequently desorb into the boundary
layer.

Consider now the gas-dynamic effects that are
driven by the rapid chemistry on the surface. Fig. 5
shows the transient response of the Stefan velocity
at the surface, which initially rises “slowly” to a value
of nearly 2 cm/s as the oxygen desorbed. The ex-
tremely sharp decrease to a negative velocity of
around 1 cm/s is caused by the rapid CH4 adsorp-
tion. Finally, the Stefan velocity returns to zero as
the new burning steady state is established and there
is no net mass exchange at the boundary. The igni-
tion behavior, which occurs on a timescale of a few
hundred microseconds excites an acoustic response
in the gas. The Stefan velocities, first positive, then
negative, then returning to zero, act as a “piston” that
drives a pressure response in the flow as seen in the
K behavior.

The fastest transient is caused by the rapid ad-
sorption of CH4 as the surface sites open (reaction
18). Reaction 18 is equivalent to a CH4 sticking co-
efficient of 0.01, but with a reaction order of 2.3 for
the open platinum sites. Deutschmann determined
that the 2.3 reaction order was necessary to predict
his ignition-temperature data [6]. The relatively high
reaction order causes the CH4 adsorption to proceed
on a timescale of around 0.1 ls, once there are suf-
ficient open sites available. This in turn drives the
very fast negative transient in the Stefan velocity.

It is unlikely that an actual surface could be main-
tained so perfectly uniform that all points on the
surface would ignite at exactly the same time as im-
plied by the one-dimensional similarity behavior. In-
stead, because of heterogeneities on the surface, the
apparent adsorption rate would be reduced. Con-
sequently, the strength of the gas-dynamic response
would be reduced. Indeed, the simulations show
that when the CH4 adsorption rate is reduced, the
gas-dynamic response is moderated. Even though
the ignition events simulated here may be stronger
than actual events, the numerical method performed
very well in representing extremely rapid transients.
Furthermore, even with reduced ignition times,

there remain significant gas-dynamic responses that
should be represented in models.

Behavior of the Numerical Method

Introduction of the compressible-flow formula-
tion, together with numerical implementation, leads
to robust simulations for extremely fast transients.
The timesteps reduce appropriately to capture high-
frequency details of the solution. Moreover, there
are essentially no convergence failures, indicating
that the numerical method remains well conditioned
even for extremely small timesteps. This behavior
demonstrates in practical terms that the system has
been successfully reduced to index one, confirming
the analytical result.

The constant-pressure formulation is high index
even with implementation of f instead of K as the
dependent variable. This results from the absence of
any time derivatives for u. Attempts to solve the
methane-ignition problem with the constant-pres-
sure formulation were generally unsuccessful, ex-
cept by significantly relaxing the error control on K
and u. Even then, although the solutions appear gen-
erally correct, they exhibit unstable behavior near
fast transients, particularly on K.

In addition to the catalytic-ignition problem, we
developed several model problems that helped iden-
tify and ameliorate the high-index problems. One of
these oscillated the inlet flow, and another forced a
sharp rise in the surface temperature. Although the
constant-pressure approach was successful for low-
frequency and low-amplitude oscillations and rela-
tively shallow temperature ramps, it was easy to
cause numerical failures for fast transients.

In the method described here, we do not seek to
capture details of the acoustic-wave behavior accu-
rately. Instead, our intent is to obtain stable solutions
during the fast ignition transients. By applying up-
wind differencing for the advection terms and in-
cluding first-order artificial damping, we use spatial
differencing that is relatively diffusive. Any method
that seeks to simulate the pressure response accu-
rately must be nondissipative and nondispersive,
which usually requires high-order differencing and
high mesh resolution.

Limitation of the Stagnation-Flow
Formulation

By assumption, the stagnation-flow similarity for-
mulation presumes infinite radial extent. In reality,
the stagnation-flow similarity breaks down at some
finite radius beyond which the flow merges smoothly
with an ambient flowfield. Although the stagnation-
flow equations accommodate the axial pressure var-
iations, the radial pressure field K is presumed to
always have a parabolic distribution. In reality, the
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radial pressures must adjust to transient conditions,
which requires acoustic communication with the
ambient flow. Thus, there is only a finite radius over
which the similarity is valid, and that radius de-
creases as transients become faster.

Summary and Conclusions

A compressible-flow formulation of the stagna-
tion-flow problem is shown to improve physical
models of the fast transient response associated with
events like catalytic ignition. This formulation, to-
gether with improved numerical algorithms, reduce
the DAE index of the transient stagnation-flow prob-
lem, which significantly improves computational ac-
curacy and stability.
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COMMENTS

Olaf Deutschmann, University of Minnesota, USA. For
a sufficiently slow transient, are there differences between
solutions using the incompressible and compressible for-
mulation?

Author’s Reply. The original incompressible formulation
is physically valid only in the low Mach number limit. The
implementation of this limit in the flow model is by filtering
out the pressure as a dependent variable from the flow-
field representation. Hence, the thermodynamic pressure
that enters the equation of state is a constant. As explained
in the paper, this leads to a high-index behavior of the re-
sulting differential-algebraic equations (DAE), particularly
for fast transients. The compressible formulation simply
reintroduces the pressure as a dependent variable and re-
tains the axial momentum equation as a governing equa-
tion. Mathematically, this lowers the DAE index. For low

Mach number flows, axial pressure variations determined
by the axial momentum equation is negligible compared to
the absolute value of the pressure that enters the equation
of state. Also, for slow enough transients, the time deriva-
tive terms in the continuity equation are negligible com-
pared to the remaining terms. Hence, the compressible
formulation gives the same solution as the original incom-
pressible formulation, provided the transients are slow and
the flow Mach numbers are low. Although the new com-
pressible formulation does not improve on the accuracy in
the limit, it is certainly more accurate than the incompress-
ible formulation for higher flow speeds and for faster tran-
sients. However, the biggest advantage of the new formu-
lation is numerical robustness for fast transients where the
original formulation simply fails due to numerical instabil-
ity.
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