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Abstract

Petzold, L.R. and F.A. Potra, ODAE methods for the numerical solution of Euler—Lagrange equations,
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In a series of recent papers [5-7] it is shown that many of the numerical methods for solving Euler-Lagrange
equations can be viewed as generalized solutions of an overdetermined differential-algebraic equation
(ODAE). For a model with linear constraints, it is shown that if the ODAE is solved by a certain iteration
technique in conjunction with BDF discretization, then the corresponding numerical solution coincides with
the numerical solution obtained by applying the same BDF scheme to a state-space form of the original
Euler-Lagrange equation. In addition, it is shown that vsing this iteration to solve the ODAE is equivalent to
numerically solving a DAE which arises from extending the mechanical system by adding derivatives of the
constraints and additional Lagrange multipliers to ensure that those constraints are satisfied. In this paper we
examine these equivalences to determine to what extent they continue to hold for problems which are more
general than the linear model.

Keywords. Euler-Lagrange equations; ditferential-algebraic equations; overdetermined differential-algebraic
equations; multibody systems.

1. Introduction

In the last years we have witnessed a renewed interest in the field of kinematics and
dynamics of multibody systems. Several methods for the automatic generation of the equations
of motion of very complex systems have been developed. Some of them are already integrated
in general-purpose computer codes (see e.g. [11]). Also real-time simulators for mechanical
systems have recently been built [4]. These developments have increased the need for fast and
reliable numerical methods for solving the equations of motion of constrained mechanical
systems. These equations, often called the Euler-Lagrange equations, are a classical example
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of mixed differential-algebraic equations (DAEs). A systematic study of numerical algorithms
for solving DAEs has begun only in the 1980s (see [3]).

In a series of recent papers [5-7] it is shown that many of the numerical methods for solving
Euler-Lagrange equations can be viewed as generalized solutions of an overdetermined
differential-algebraic equation (ODAE). For a special linear model, it is shown that if the
ODAE is solved by a special oblique projection technique in conjunction with Newton’s
method and BDF discretization, then the corresponding numerical solution coincides with the
numerical solution obtained by applying the same BDF scheme to a certain state-space form of
the original Euler-Lagrange equation. This motivates the name of ssf-iteration given to the
numerical method. In addition, for the linear model it is shown that using the ssf-iteration to
solve the ODAE is equivalent to numerically solving a DAE which arises from extending the
mechanical system by adding derivatives of the constraints and additional Lagrange multipliers
to ensure that those constraints are satisfied [8,9].

The objective of this paper is to examine the equivalences shown in [5-7] to determine to
what extent they continue to hold for problems which are more general than the linear model.
In Section 2 we introduce the equations of motion of constrained multibody systems. In Section
3 we review some terminology on the solution of ODAE systems, and explore extended DAE
systems which have been proposed in [5-7], and a new formulation which has also been
considered, in a more general framework, in [1]. In Section 4 we develop some basic results for
state-space forms. Finally, in Section 5 we examine the relationship between numerical
methods based on solving the state-space form, the ODAE, the extended DAESs, and methods
based on local parameterization, and determine the extent to which they are equivalent. In
particular, we show that the tangent plane parameterization methods introduced in [16,17] are
equivalent to the method of projected invariants for a certain projection, which was suggested
recently in [1] to overcome numerical stability problems associated with the extended DAEs in
[5-7]. These two methods are in turn equivalent to a certain solution of the ODAE.

Before proceeding further, it is useful to make some notational conventions. We denote by
R" the n-dimensiona! Euclidian space. An element x € R” is a column vector of the form

x=(x, x5,...,x,)7. Let y=C(y,, ¥5,...,¥,)" be an element of R™. Then we define the
augmented vector

T T n -+ m
(%, )= (xT, 7)) =(X1seees Xy Yiseerr V) €ER"HM,
Ii o:R"*™ > R* is a differentiable mapping with components o :R"™M SR, j=1,...,k, ie.

a(x, y)==(0,(x, y)""’o'k(xs Y))T,

then the Jacobian matrix of o with respect to x is defined as

o) i)
D,o(x,y)=

0 . 0

g;:ak(x,Y) a:k(x,y)
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The Jacobian matrix D,o(x, y) is defined in a similar way. For simplicity, we write Do(x, y)
to denote D(x, y)o(x, y), the Jacobian matrix with respect to all variables.

2. Equations of motion of constrained multibody systems

The equations of motion of constrained multibody systems can be written in the following
general form

M(t, )b +G(t,p) A ={(t, p, P), (2.1a)
g(t, p)=0. (2.1b)

Here the position vector p € R"» contains the generalized coordinates chosen to describe the
multibody system. The number n, of these coordinates as well as their physical interpretation
depends on the particular formulation. Correspondingly, M(¢, p) is a symmetric n, X n, matrix
called the generalized mass matrix, A € R™ is the vector of Lagrange multipliers or constraint
forces coupled to the system, f(¢, p, p) is the vector of generalized external forces, g :R X R"
— R™ is the mapping defining the kinematic (position-level) constraints, and G(t, p) =
D,g(t, p) is the Jacobian matrix of g(z, p) with respect to p.

For a given constrained mechanical system there arc many equations of the form (2.1) that
accurately describe the motion of the system. The dimension, physical interpretation, and the
structure of the quantities entering (2.1) may vary significantly from one formulation to
another. For example with some formulations, like the Cartesian formulation (see [10]), the
mass matrix M(t, p) will be rather sparse, which is not the case with most other formulations.

By differentiating twice the kinematic constraints (2.1b) we obtain

G(t, p)p +D,g(t,p) =0, (2.2)
G(t, p)p+z(t, p, P) =0, (2.3)
where
z(t, p, p)=(D,G(t, p)p)p +2(D,G(t, p))p + D, 8(¢, p).
It is known that, if
Rank G(t, p) =n,, (2.4a)
a™(t, p)a>0, VaeKer G(t, p), (2.4b)

then the Euler-Lagrange equation (2.1) has a unique maximally extended solution for any
consistent initial values p(0), p(0), A(0) (see [10]). Clearly any such solution will also satisfy the
constraints (2.2) and (2.3). The assumption (2.4) implies that the matrix

M(t, p) G(t,p) (2.5)
G(t, p) 0
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is nonsingular. Therefore the linear system in j and A formed by (2.1a) and (2.3) has a unique
solution

p=mn(t, p, b), (2.6)
A=t p, B). 2.7)

For any p,, p, € R", the ordinary differential equation (ODE) (2.6) has a unique solution
satisfying p(0) = p, and p(0) = p,. If, in addition, the initial values p, and p, are such that the
constraints (2.1b) and (2.2) are satisfied for ¢t =0, p = p,, and p = p,, then this unique solution,
together with A given by (2.7) form a solution of the Euler-Lagrange equations (2.1).
Therefore, theoretically, the problem of solving the Euler—Lagrange equations (2.1) is reduced
to the problem of solving the ODE (2.6) with consistent initial values. However it has been
observed that the numerical solution obtained by applying standard ODE solvers to (2.6) no
longer satisfies the kinematic constraints (2.1b). This drift off the constrained manifold is not
admissible in most practical applications. The challenge is therefore to construct reliable
methods for obtaining an approximate solution of the Euler-Lagrange equations which satisfies
the kinematic constraints within any given tolerance. Some such methods will be discussed in
the next section.

3. DAEs and ODAEs

The Euler-Lagrange equations discussed above are second-order equations. It is convenient

to rewrite them as first-order by introducing the variable v = p. Equations (2.1), (2.2), and (2.3)
become

p—uv=0, (3.1a)
M(t, p)i +G(t, p)'A =f(t, p,v) =0, (3.1b)
G(¢t, p)e+2z(t, p,v)=0, (3.1¢)
G(¢, p)v+D,g(t, p)=0, (3.1d)
g(t, p)=0. (3.1¢)

Let us consider the vector x =(p, v, A) of dimension n,=2n,+n, and let us denote by
F(t, x, x) the vector defined by the left-hand sides of (3.1a), (3.1b), and (3.1e). Then the
Euler-Lagrange equations can be written as

F(t, x, %) =0. (3.2)

Any equation of the form (3.2) with F a given mapping of R X R”: X R"= into R" is called a

mixed differential-algebraic equation (DAE). On the other hand the system (3.1) can be written
in the form

W(t, x, ) =0, (3.3)

where ¥ is a mapping of R X R" X R" into R? with v =n,+ 2n,. Any equation of the form

(3.3) with ¥:R*:*! 5 R, >, is called an overdetermined differential-algebraic equation
(ODAE). The latter terminology was introduced in [5-7].
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In our case (3.3) is obtained from (3.2) by differentiating twice equation (3.1¢). In general, we
say that the ODAE (3.3) is generated by the DAE (3.2) if all equations of (3.2) are contained in
(3.3) and the other equations of (3.3) are obtained by differentiating some of the equations of
(3.2) with respect to .

From this definition it follows that, if (3.3) is generated by (3.2), then x = x(¢) is a solution of
(3.2) if and only if it is a solution of (3.3).

The index of a general DAE of the form (3.2) is defined as the minimum number of times that
all, or part of (3.2) must be differentiated with respect to t in order to determine % as a continuous
function of x and ¢ (cf. [3, p. 17]). The index of a general ODAE of the form (3.3) can be
defined in a similar way. In our case, i.e. where (3.2) represents the Euler-Lagrange equations
(3.1a), (3.1b), and (3.1e), and condition (2.4) is satisfied, the index is 3. Indeed, in the previous
section we have obtained (2.6) and (2.7) by differentiating (2.1b) twice and rearranging. One
more differentiation of (2.7) with respect to ¢, combined with (2.6), will explicitly express % as a
function of x and ¢. Using the same argument we deduce that the ODAE (3.3) (hence (3.1))
has index 1.

The differentiation of constraints is a standard method for reducing the index of a DAE.
However in order to keep the system square, i.e. to stay within the DAE framework, some of
the original constraints have to be discarded. Therefore the numerical solution of the lower-in-
dex DAE may severely violate those constraints. Moreover the lower-index DAE, while
containing all solutions of the original DAE, may have other solutions as well (cf. [3]). As we
have seen above this is not the case if we work with lower-index ODAEs generated by the
original DAE.

Of course there are many ways in which a lower-index ODAE can be generated by a DAE.
For example in [6] one considers the following ODAE generated by the Euler-Lagrange
equations (3.2) (hence (3.1a), (3.1b), and (3.1¢)), under the supplementary assumption thai the
matrix M(t, p) is symmetric positive-definite (SPD):

p—v=0, (3.4a)
M(t, p)i+G(t, p)'A=f(t, p, p) =0, (3.4b)
G(t, p)M(t, p)~ ' f(t, p, v) — H(t, p)A +2(t, p, v) =0, (3.4c)
G(t, p)v+D,g(t, p)=0, (3.4d)
g(t, p)=0, (3.4e)
where
z(t, p, v)=(D,G(t, p)v)v +2(D,G(t, p))v + D, 8(t, p), (3.5a)
H(t, p)=G(t. p)M(t, p)"'G(t, p)". (3.5b)

The equations of (3.1) and (3.4) coincide with the exception of the middle one: (3.1c) is a
differential equation while (3.4¢c) is an algebraic equation. Equation (3.4c) is obtained by solving
(3.1b) for & and then substituting into (3.1c). We note that if M(t, p) is symmetric positive-defi-
nite, then so is H(¢, p). It is convenient to write (3.4) in the form

w(t, x, £) =0, (3.6)
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where the mapping T:RXR=XR">R", y=n,+ 2n., is defined by the left-hand side of
(3.4).

The equations (3.3) and (3.6) are overdetermined but consistent because they are satisfied by
any solution of (2.1). This is no longer the case for their discretized versions. For example, by
applying a BDF scheme to (3.3) we replace the differentiation operator x(z,) = D, x(z,) by the
corresponding difference operator X, = px, defined by

. ay @y 1 &
X, =pX,=——X,TpX,= _xn+_ Zaixn—i’ (37)
h h h 3
where the «; are the BDF coefficients and 4 is the time step used in the integration (i.e.
t,=t,_;+h). Assuming that x,_,, i= 1,...,k, are known, the current value x, of the
numerical solution of (3.3) is obtained as the “solution” of the nonlinear system

w(xﬂ) = 1‘II‘(t"’ x'l’ px")=0' (3'8)
The same scheme applied to (3.6) defines x, as the “solution” of
lz(xn):: li,(tn’ xn’ pxn)=0' (3‘9)

Both (3.8) and (3.9) are overdetermined nonlinear algebraic systems and they will in general be

inconsistent so that they have no (classical) solution. Formally Newton’s method applied to (3.8)
consists of “solving” the linear system in Ax

Dy(x{™) Ax+ ¢ (x) =0, (3.10)
and setting

XD = yOm) Ay (3.11)
If we apply Newton’s method to (3.9), then the linear system (3.10) is replaced by

Dt[;(xf,'"’) Ax+ Jf(xf,’"’) =0. (3.12)

Both (3.10) and (3.12) are overdetermined inconsistent linear systems. In [5] the notion of the
ssf-solution of an overdetermined linear system is introduced, by requiring that the residual of
the system lies in certain lower-dimensional subspaces. More precisely we say that s* is the
ssf-solution of the overdetermined linear system

Al bl
(Az)s= bz)’ (3.13)

where A, is an N XN matrix, and A, is an M X N matrix with M <N, if the following
conditions are satisfied

A;s* —b, € Range AL. (3.14a)

A,s* =b,. (3.14b)

It is proved that the above conditions determine s* uniquely, provided that the matrix
VAV, is nonsingular, where V, is a matrix whose columns form a basis for the null space of
A,. The systems (3.10) and (3.11) are of the form (3.13) with A, being the sub-Jacobian
corresponding to the first three equations in (3.1) and (3.4) respectively.
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Suppose that Ax is chosen to be the ssf-solution of the linear system (3.10) and that the
sequence {x;"}; _, defined by (3.10)-(3.11) converges to x*. Then x* is called the ssf-solution
of the nonlinear system (3.8). We also say that x} is the BDF ssf-solution of the ODAE (3.1).
The ssf-solution of the nonlinear system {3.9) or, equivalently, the BDF ssf-solution of the
ODAE (3.4) is defined in a similar way.

Another way of “squaring” the ODAEs (3.1) and (3.4) is by introducing additional multipli-
ers and transforming them into DAEs of increased dimension. Thus a new multiplier u is
associated with (3.1e) and (3.4e) and another new multiplier + is associated with (3.1d) and
(3.4d). The introduction of w and 7 is equivalent to a projection of the differential equations,

as described in [5-7]. We note that the Jacobian with respect to p of the latter equation may be
written as

L(¢t, p, v)=D,(G(t, p)v) + D,G(t, p). (3.15)
Corresponding to (3.1) we have the DAE:
p—v+G(t, p)'u+L(t, p,v) 7=0, (3.16a)
M(t, p)o +G(t, p)'A +G(t, p)'r—f(t, p,v) =0, (3.16b)
G(t, p)o+2z(¢, p,v)=0, (3.16¢)
G(t, p)v+D,g(t, p)=0, (3.16d)
g(t, p)=0. (3.16¢)
Similarly we associate with the ODAE (3.4) the following DAE:
p—v+G(t, p)'u+L(t, p,v)7=0, (3.17a)
M(t, p)o + G(t, p)'A + G(t, p) T —f(t, p,v) =0, (3.17b)
G(t, p)M(t, p)~'f(t, p, v) — H(t, p)A +2(t, p, v) =0, (3.17c)
G(t, p)v+D,g(t, p)=0, (3.17d)
g(t, p)=0. (3.17€)

In both (3.16) and (3.17), z(t, p, v) is defined as in (3.5a). For holonomic constraints (3.16) was
considered in [5], while (3.17) was considered in [6,7].

Clearly any solution of (3.1) and (3.4) gives a solution of (3.16) and (3.17) with u =7=0. In
what follows we show that any solution (p, v, A, u, 7) of (3.17) must have u =7 =20, while
(3.16) may have solutions with u and /or 7 different from zero. This contradicts the claim made
in the proof of [5, Theorem 3.1]. However, we note that this version of the equations does not
appear in the later paper [7].

Lemma 3.1. The DAE system (3.16) may have solutions with . and /or 7 different from zero.

Proof. By differentiating (3.16d) we obtain
G(t, p)0 +D,G(t, p)(v+p)+D,(G(t, plv)p + D, g(t, p)=0,
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and by using (3.5a) and (3.15) we get

G(t, p)o +L(¢, p, v)(p—v)+z(t, p,v)=0. (3.18)
Differentiation of (3.16¢) gives

G(t,p)p+D,g(t, p)=0. (3.19)
By subtracting (3.16d) from (3.19) we have

G(t, p)(p—0) =0, (3.20)
so that premultiplication of (3.16a) by G(¢, p) yields the equation

G(t, p)G(t, p)'u + G(t, p)L(t, p, v) 7=0. (3.21)
Also by comparing (3.16c) and (3.18) we get

L(t, p,v)(p—0v)=0, (3.22)
and by premultiplying {3.16a) by L(¢, p, v) we obtain

L(t, p, v)G(t, p)'w + L(¢, p, v)L(t, p, v)"7=0. (3.23)

From (3.21) and (3.23) we deduce that, if the matrix
T
G(t, p) || G(¢t, p)
L(t, p,v)J\L(t, p, V)

is nonsingular, then any solution (p, v, A, u, 7) of (3.16) has u =7=0, and therefore x =
(p, v, A) is a solution of (3.1). In this case the index of (3.16) is 2. In case the matrix (3.24) is
singular, then for any solution w and 7 of the system (3.21) and (3.23) we have

G(t, p)'u=L(t, p,v)'r=0. (3.25)
It follows that x =(p, v, A + 7) is a solution of (3.1). O

(3.24)

Lemma 3.2. Any solution of (3.17) must have u = =0 ( for M symmetric positive-definite).

Proof. For M(¢, p) invertible, (3.17¢) is equivalent to saying that

A={(t, p,v), (3.26)

where { is the function defined in (2.7). By premultiplying (3.17b) with G(¢, p)M(¢, p)~' and
using (3.17¢c) we obtain

G(t, p)o+H(t, p)r+2z(¢t, p,v)=0. (3.27)
If we differentiate (3.17d), (3.17¢), and (3.26) we obtain (3.18), (3.19), and
A =D, (¢, p,v)+D,L(t, p, v)p+D.L(t, p, v)D. (3.28)

As before, it follows that u and 7 satisfy equation (3.21). Also by subtracting (3.18) from (3.27)
we obtain

L(t, p,v)(p—-v)—H(t,p)T=0, (3.29)
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and by substituting p — v from (3.17a) we get

L(t, p, v)G(t, p)'u+ (H(t, p) +L(t, p, v)L(t, p, v)")r =0. (3.30)

The matrix of the linear system (3.21) and (3.30) is nonsingular whenever G(¢, p) has full rank.
This can be seen by noticing that H(¢, p) is symmetric positive-definite in this case, and by
using a Schur complement of the nonsingular block G(t, p)G(t, p)T in the matrix of this
system. According to (2.4a) it follows that p=v and o = (¢, p, v) where 7 is the function
from (2.6). Substituting in (3.28) we obtain

A=y(t, p,v). (3.51)

Thus, any solution (p, v, A, u, 7) of the DAE (3.17) has w =7=0 and x=(p, v, A) is a
solution of (3.4). O

There are a number of practical problems associated with the numerical solution of (3.17). In
the construction of (3.17) we have assumed that the matrix M(z, p) is invertible. With some
formulations of the Euler-Lagrange equations the matrix M(¢, p) satisfies (2.4b) but may be
singular [14]. Moreover, even for nonsingular M(¢, p), (3.17¢) is expensive and /or inconvenient
to evaluate because it requires a decomposition of M on every function call. (Although
symbolic techniques are available for solving linear systems involving the matrix M in O(n)
operations [2M], their implementation requires considerable expertise, and the resulting func-
tion calls are siill relatively expensive.)

Another problem for the numerical solution of (3.17) has to do with stability. In [1], it is
shown that for linear DAEs with the structure of (3.17), the stepsize of numerical methods such
as BDF and many implicit Runge—Kutta may need to be restricted to mainiain stability. This
can happen if for example M(t, p) has both large and small eigenvalues (a corresponding
physical situation is a heterogeneous multibody system, i.e. a system which includes bodies of
very different masses [21]). The stability restriction arises because the direct discretization of
the DAE by these methods corresponds to a discretization of an essential underlying ODE
(EUODE) [1] !, where one of the terms has been discretized explicitiy. If this term is large
(usually, this causes the EUODE to be stiff), the stepsize must be restricted in order to
maintain numerical stability. In [1] it is shown that under minimal assumptions there is no
problem with stability for numerical methods applied to semi-explicit Hessenberg [3] systems, 2
provided that the matrix which is used for the projection (in (3.17) this is the matrix which
multiplies the Lagrange multipliers u and 7) is the transpose of the constraint matrix.
Unfortunately, this is not the case for (3.17), because of the term in (3.17b) which multiplies 7.
Indeed, examples are given in [1] of systems of the form (3.17) where the stepsize of BDF must
be restricted to maintain stability.

An additional practical difficulty for (3.17) is the evaluation of the term L'z in (3.17a). The
evaluation of L requires the analytical derivatives of G. These are not generally available, and

! “I'he essential underlying ODE is a set of ODEs of minimal dimension which describes the motion of the system. In
the terminology of the next section, it is a state-space form induced by the matrix A4, where A is a basis for the
null space of G.

2 To bring the sysfem (3.17) to Hessenberg form, solve (3.17c) for A and insert into (3.17b), then multiply (3.17b) by
M. The constraints are (3.17c) and (3.17d).
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their generation requires substantial software and additional expense. The following forriula-
tion works without the L-term. However for some problems with oscillations, inclusion of the
L-term appears to be desirable [2].

To overcome these difficulties, the DAE can be formulated as follows:

p—-v+G(t, p)'n=0, (3.32a)
M(t, p)i +G(t, p)"A +M(t, p)G(t, p)' = f(t, p, v) =0, (3.32b)
G(t, p)o +G(t, p)G(t, p) T +2(t, p, v) =0, (3.32)
G(t, p)v+D,g(t, p)=0, (3.32d)
g(t, p)=0. (3.32¢)

This method has been also suggested recently in [1], where it is a special case of the method
called projected invariants. A straightforward extension of the stability analysis in [1] shows that
the stepsize of BDF applied to this formulation does not need to be restricted to maintain
numerical stability, even if the constraints become nearly rank-deficient, provided that G
satisfies certain minimal assumptions (i.e. if G * = 2’SV'T is the singular value decomposition of
GT", then U’ must be of moderate size). In Sccti-1 5 we will see that BDF applied to the
projected invariants formulation is equivalent .; «ne tangent plane parameterization method
proposed in [16,17], provided that the parameterization is updated continuously, and that these

methods are in turn equivalent to a certain solution of the ODAE. Finally, we see below that
the system (3.32) is well-defined.

Lemma 3.3. Any solution of (3.32) must have . = 1 =0 ( for M invertible).

Proof. By differentiating (3.32d) and (3.32¢) we obtain again (3.18) and (3.19). It follows that
(3.20) holds in our case too. Then by premultiplying (3.32a) by G(¢, p) we obtain that

G(t, p)G(t, p}'u =0. (3.33)

Hence, according to (2.4a) it follows that u = 0. Now, (3.32a) implies that p = v and from (3.18)
it follows that

G(t, p)0 +z(t, p,v)=0. (3.34)

By substituting in (3.32c) we deduce the same as before, that the second additional multiplier 7
must also be equal to zero. O

In the next section we discuss the notion of a local state-space form for general nonlinear
DAES. Using the framework developed in [16,17] we construct local state-space forms for
nonlinear Euler-Lagrange equations that satisfy (2.4). The numerical solution obtained by

applying a BDF scheme to the local state-space form may be interpreted as a “generalized
solution” of (3.8) and (3.9).
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4. State-space forms

The concept of solvability of a general DAE of the form (3.2) is defined in [3]. That
definition has in some sense a local character, but it can be easily “globalized” as follows:

Definition 4.1. Let 7~ be an open interval of R, £2 a connected open subset of R?"<*! and F a
smooth mapping from 2 to R"«. Then (3.2) is solvable on 5 in 2 if there is a family of
solutions &(¢, ¢), c € &, where € is an r-dimensional manifold such that:
(1) &(t, c) is defined on all of 5 for each ¢ €€,
(2) (¢, &(t, c), D,&(t, ) e for (t, c) €T X @;
(3) if x(¢) is any other solution of (3.2) with (¢, x(¢), x(¢)) € 2, then x(¢) = &(¢, ¢) for some
CEE;

(4) the graph of ¢ as a function of (¢, ¢) is an (r + 1)-dimensional manifold.

In what follows we will always assume that 0 € 7. If the manifold # has an_atlas composed
of a single chart, i.e. if there is an open set 2 CR" and a diffeomorphism 0:(2 — &, then the
above definition reduces to the definition given in [3, p. 16]. If (3.2) is an ODE, then clearly
r=n, and € =R". In general r <n, and & can be viewed as a representation of the manifold
of consistent initial values; r represents the number of “differential variables”, and n, —r the
number of “algebraic variables”. For example, if (3.2) (equivalently (3.1a), (3.1b), and (3.1¢))
are the Euler—Lagrange equations, then the manifold & may be defined as

&= {C = (DPg» Uy» Ag) ER"™: g(0, py) =0,
G(0, py)vy + D,g(0, py) =0,

Ao ={(0, py, Uu)}’ (4.1)

where ¢ is the function of (2.7). In this case r = 2(n, —n,) and the manifold .# considered in
(4) of the above definition reduces to

A ={(t, p,v,A): g(t, p)=0,G(t, p)v+D,g(t, p)=0,
A=E&(t, p, v)). (4.2)

We note that the manifold @ defined by (4.1) is the initial data manifold considered in [16].
Following [13] we define the local state-space form of a DAE as follows:

Definition 4.2. We say that (3.2) has a local state-space form at a point (¢, x,.) €4 if there is an
open neighborhood 7, € J of ¢, an open neighborhood Z C R’ of 0, an open neighborhood
7CR" of x,, a diffeomorphism

ST XU>W=(TXV)M
of the form

@ = (t, (1, u)),
and a Lipschitz continuous mapping

w: I . XU->R
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such that:
(1) If (¢, x,) €7 and if u = u(t) is the solution of the initial value problem (IVP)

u=w(t,u), u(t,) =uy, 4.3)

(tg> ug) =P~ '(ty, Xg),

then x =x(¢) :== ¢(t, u(t)! is a ~:'ution of (3.2) saiisfying x(¢,) = x,.

(2) If x =x(t) is any smooth solutios: of (3.2), then for any t,€ 7, there is a u, € % such
that x(¢) = ¢(¢, u(t)) with u =u{t) the solution of the IVP (4.3). The pair (®, w) is
called a local state-space form of (3.2} at (¢, x ). If 7. =9 and # "=, then we say that
the state-space form (¢, w) is global.

In what follows we show that the class of local parameterizations considered in [16,17]
provide local state-space forms at any (¢., x,.) €. Although the construction is rather general,
for the purpose of this paper we restrict ourselves to the case where (3.2) are the Euler-Lagrange
equations (3.1a), (3.1b) and (3.1e). Together with the manifold .# given by (4.2) we also

consider the (n, — n,)-dimensional manifold .#" defined by the original kinematic constraints
(2.1b):

A ={(t, p)eT XR": g(t, p) =0}. (4.4)
The following result is proved in [17].

Proposition 4.3. Suppose that all the mappings M, f, and g in (2.1) are of class C*, p > 2 (i.e.
they are p-times continuously differentiable), and assume that (2.4) is satisfied. Let (t., p.) €N
and let A be an n, X n, matrix such that the augmented square matrix

G ( t(' ’ p(' )
AT
is nonsingular.

Then there is an open neighborhood %, of the origin of R" ™", an open neighborhood

7, CR" of p., and an open neighborhood I,.C T of t. such that forany g€ %, and t € F, the
nonlinear system

g(t, p)=0, (4.62)
AYr-p)=4q (4.6b)

has a unique solution

(4.5)

p=¢(t,q9)e7, (4.7)
where (t, p) € 4. Moreover the mapping

DT XU (T XN,

P(¢, a)=(t, d/(1, q)) (4.8)

is a C*~ -diffeomorphism.
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Proof. Without loss of generality we may assume that the neighborhoods I %, and 7, from
Proposition 4.3 are such that the matrix

G(t, p)
AT
is nonsingular for all t€ .9, and p € 7.

Let (¢,, p.) be as in Proposition 4.3, and let v, and A, be such that (¢,, p,, v,, A,) €4. Then
for any t€ 7, g € Z,, and s € R"»~"» the linear system

(4.9)

(G(t, é:(t, 9)) )v _ ( ~D,g(1, ¢,(t, 9)) (4.10)
AT s
has a unique solution
v=2y(1, q, s). (4.11)
Let { be the function from (2.7) and denote
b5(t, 4, 5)=L(t, $i(t, dilt, 9, b1, 4, 5)), (4.122)
u=(q,s), U=%XR"", Z=ZXRW"M, (4.12b)
&(t, u) = (6:(2, ), &2, 4, 5), bs(t, 4, 5)), (4.12c)
D(t, u)=(t, o(t, u)). (4.12d)
Then the mapping @: 7, X % > (F, X Z') NA is a C*~2-diffeomorphism. Clearly
(t,u)y=D7Y(t, p,v,A), u=(q,s) (4.13)
if and only if
q=A"(p-p.), s=A". (4.14)

Now let x =x(¢) be a solution of (3.2) and let ¢t,€ 7. Clearly x(¢t) e# for t € 7. Taking
eventually a smaller 7, we may assume that x(¢) e# N (T, X 7°) for t € 7. Let us define the
functions

a(t)=A"(p(t) - p.), (4.15a)

s(t)=A"v(r), (4.15b)

u(t) = (a(t), s(t)). (4.15¢)
This is equivalent to

x(t)=¢(t, u(t)), teg,. (4.16)

It is easily seen that the function u = u(t) defined by (4.15) is the solution of an initial value
problem of the form (4.3), where

w(t, u) = (s, A™n(t, :(t, ), a1, 4 5)))' (4.17)

with 7 the mapping defined in (2.6) and x,=x(z,). Conversely, let (4, x)) €7 gnd let
u = u(t) be the solution of the initial value problem (4.3). Then the function x = x(¢) defined by
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(4.16) is the solution of (3.2) which satisfies x(¢,) =x,. Thus the pair (¢, ) constructed above
is a local state-space form of (3.2) in the sense of Definition 4.2. O

This state-space form is called the standard first-order local state-space form induced by the
matrix A. (Henceforth we will call this the state-space form induced by A4.) This name is
motivated by the fact that condition (4.5) uses only the first derivative of the kinematic
constraints. In [18], state-space forms have been considered which use the second derivatives of
the kinematic constraints as well. However, we will not consider these here because it is unclear
whether they are advantageous.

5. Numerical integration

In the remainder of this paper (3.2) will always denote the Euler-Lagrange equations (3.1a),
(3.1b) and (3.1¢). Let x =x(¢) be a soiution of this equation and let x, =x(¢,) be a “current
point” on this solution. Let (@, w) be the local state-space form of (3.2) at (¢, x_) considered in
the previous section, and let u =u(t) be the solution of the initial value problem (4.3) with
(ty, xy) = (1., x.). Then (4.15) is satisfied. Let & be a positive real number and N a positive
integer such that

ti=t.+jheg, j=0,1,...,N.
Assume that for some n, 1 <n <N, some approximations
ll,=(q,,sl)=u(tj). j=0, 1,...,11—1,

have already been computed. The BDF scheme (3.7) applied to (4.3) defines the new
approximation u, = (g, s,) as the solution of the nonlinear system

P4, =Sy, (5.1a)

ps, =A"n(t,, d\(t,, a,), $:(t,» d,1 5,))- (5.1b)
We note that (5.1) defines the solution by BDF of the state-space form induced by A. If

x;= (P vj ;) = (1), uy), (5.2)
then

4;=A"(p;=p.), s;=A"v; (5.3)

Substituting in (5.1), noting that the BDF coefficients satisfy ag+a,+ - +a, =0, and using

(4.6)-(4.12) we deduce that, for A constant, p, and v, are uniquely determined by the following
nonlinear system:

A (pp,—v,) =0,

A" (pv, = (1, p,» 1,)) =0,
G(t,, p,)v, +D,g(t,, p,) =0,
g(t,, p,)=0.
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The quantity w, =n(t,, p,. v,) is obtained as the solution of a linear system (see (2.6) and
(2.7)). 1t follows that (p,, v,, A,, w,) is the solution of the augmented nonlinear system

AY(pp, —v,) =0, (5-4a)
A%(pv,—w,) =0, (5.4b)
M(t,, Pa)Wo + Gty D) Ay = f(tn, Py 1) =0, (5.4c)
G(t,s P)Wn +2(tys Pus Uy) =0, (5.4d)
G(t,> py)v, +D,8(t,, p,) =0, (5.4¢)
g(t,, p,)=0. (5.4f)

Equations (5.4) define the solution by BDF of a class of local parameterizations discussed in
[16,17]. For A given by a set of unit vectors chosen such that

(4]

is nonsingular, this is equivalent to solving the state-space form by the method of generalized
coordinate partitioning [22]. For A which is a basis for the null space of G(¢,, p,), this is the
tangent plane parameterization method introduced in [16,17).

Now, (5.4) is a system of 3n,+n, equations in 3n,+n, unknowns which, under our
assumptions, has a unique solution satisfying (¢, p,, v,, A,,) € Z". This sol."tion may be viewed
as a generalized solution of the overdetermined system (3.8). To see this, let us denote
x,=(p,, U,, A,) and consider the residual

(rl’ ry, r3’ r., rp) =¢(xn)’ (55)

where r;, r,, r3, 1, and r, correspond to (3.1a), (3.1b), (3.1c), (3.1d), and (3.1e), respectively.
We have clearly

ri & Ker A7, (5.6a)
ra M(tn, pn) T

("3) = (G(t,,, p,,)) Ker 47, (5.6b)

(r., r,)=0. (5.60)

It is easily proved that under our assumptions there is a unique x, satisfying (5.5)—(5.6) and
(¢,,x,) € 7. Thus the solution of (5.4) may be considered a “generahzed solution” of (3.8). It
may also be viewed as a “generalized” solution of the overdetermined system (3.9). Indeed by
solving (5.4c) for w, and substituting in (5.4d) we obtain

G(tn’ pn)M(tn’ pn)—lf(tn’ pn’ Un) —H(tll’ pn)’\n +Z(tn’ pn’ Un) = 0'
If follows that the residual

(fvfzsfv Fes ,,) ¥(x,) (5.7)
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satisfies
7, €Ker AT, (5.82)
7, €M(t,, p,) Ker A7, (5.8b)
(v For 7,) =0. (5.8¢)

Again it can be shown that x, is uniquely defined by (5.7)-(5.8) and (¢,, x,) €7". Any x,
satisfying (5.7)—(5.8) is called an A-ssf solution of the ODAE (3.9). Thus we see that the local
parameterization methods are equivalent to the A-ssf solution of the ODAE (3.9).

Let us choose the matrix A4 such that

Rang. A4 =Ker G(¢,, p.). (5.9

Using (5.6) it follows that x, =(p,, v,, A,) is a solution of (5.4) if and only if there are uniquely
determined multipliers u,, 7, € R" such that:

pp, — U, + G(t,, p) m,=0, (5.10a)
M(t,, p,)pU, + G, D,) A, +M(t,, P,)G(tes P) 7 = (8,5 Py 1) =0, (5.10b)
G(t,, p,)pv, + G(t,, p,)G(t., p.) 7, +2z(t,, D> V,) =0, (5.10¢)
G(t,, p,)v, +D,g(t,, p,) =0, (5.10d)
g(t,. p,) =0. (5.10e)

For t,=1,, (5.10) defines the solution by BDF cf the method of projected invariants, for a
certain projection.

6. Conclusions

To summarize, we note that for the model problem in [5-7], all of the methods we have
discussed are equivalent because it is implicitly assumed there that the constraint matrix G is
constant. However, in the general case where G = G(¢, p), there are important differences in
some of the formulaticns which can dramatically effect the performance of numerical methods.
Certain methods are equivalent, and seem to offer the best possibilities for the foundation of
robust solution methodology.

For A constant, as in the method of generalized coordinate partitioning [22], the foilowing
methods are equivalent: solution of the local state-space form induced by A, local parameteri-
zation based on A, and solving the A-ssf of the ODAE. A robust implementation of these
methods depends on algorithms for detecting the need for updating the coordinate basis A.

For .4 which is not constant but which forms a basis for the null space of G(t, p), and for
BDF or other similar numerical methods, the tangent plane parameterization (5.4) {16,17]
(where the parameterization is updated continuously) is equivalent to the A-ssf solution of the
ODAE (3.9) and the method of projected :nvariants (5.10) [1] for a certain projection. For
general G these methods are not equivalent to solving the state-space form, however they do
fiefine a local state-space form in the sense of Section 4. Since the method based on projected
invariants has been shown [1] under reasonable assumptions to overcome the stability limita-
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tions of methods based on previously defined extended DAEs [5-7], these equivalent methods
seem to be among the best potential candidates for the foundation of a robust solution method.

Efficient solution techniques for these types of systems in some of the above formulations are
described in [15].
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